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Integral transforms constitute an essential analytical framework for addressing mathematical models arising in
science and engineering, particularly those involving differential and integral equations. In recent years, the
Sumudu transform has emerged as an effective alternative to classical transforms due to its operational simplicity
and unit-preserving nature, while the Finite Mellin transform has proven useful in problems defined over bounded
domains with scale-dependent behaviour. Motivated by the complementary advantages of these two transforms, the
present work introduces and examines the Sumudu—Finite Mellin Transform. The transform is formulated in both
the classical and distributional settings by constructing suitable testing function spaces through the Gelfand—Shilov
methodology. Furthermore, the analytical structure of the proposed transform is investigated, and an analyticity
result is established by fixing one of the transform parameters. The developed framework provides a
mathematically rigorous foundation for further applications of the Sumudu—Finite Mellin Transform in boundary
value problems, partial differential equations, and related areas of applied analysis.
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1. INTRODUCTION

Integral transforms are indispensable mathematical tools utilized across science and engineering to solve
differential, integral, and integro-differential equations. By mapping complex differential operators into
simpler algebraic expressions, classical methods like the Fourier and Laplace transforms facilitate a
more efficient analysis of physical systems [1], [2]. To address the evolving complexity of modern
mathematical models, researchers have introduced specialized transforms designed for greater
computational efficiency.

One such development is the Sumudu transform, which is highly valued for its ability to preserve the
original units of a function while simplifying the solution process for ordinary and partial differential
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equations [3], [4]. In parallel, the Mellin transform and its variant, the Finite Mellin transform, have
become essential for analyzing boundary value problems, particularly those defined on finite spatial
intervals [5], [6].

Recently, the focus has shifted toward developing hybrid analytical techniques that combine the
strengths of different integral operators. These generalized transforms are supported by new inversion
theorems, operational formulas, and established properties within distributional spaces [7], [8], [9]. Such
advancements have notably broadened the capabilities of transform methods in solving sophisticated
models in the applied sciences [10], [11].

The Sumudu—Finite Mellin transform represents a significant step in this evolution. By merging the unit-
preserving properties of the Sumudu transform with the spatial efficiency of the Finite Mellin transform,
it provides a robust framework for addressing multi-dimensional problems [12], [13]. This combined
approach offers an effective methodology for tackling complex equations found in modern physics,
engineering, and applied mathematics [14], [15].

2. DEFINITION
The Sumudu integral transform with parameter 2 of the function f(¢) is denoted by

17
S[f()]=Fu)=— j e “f()dt for parameter 1 > O.
u
0
The Finite — Mellin integral transform with parameter p of the function f'(x) is denoted by

—xF 1} f(x)dx

a 2p
M LF1= F(p) andisgivenby, M, [/(0]=F(p) = Lf
0

whenever this integral exists, for p > 0 is the parameter.

The Sumudu — Finite Mellin Transform is defined as,

SM ,{f(t,x)} = F(u,p) = ! ! F(t,x)K (t,x)dtdx = ! ! ie L‘:Tpl - x“} £(t,x)dtdx

1 -4 a* 1
where, K(t,x)=—e * —x""" | is the Kernel of Sumudu — Finite Mellin Transform.

u xp+l
3. VARIOUS TESTING FUNCTION SPACES
3.1. The Space SMf’ ab.e.d,a ®

Let 7 be the open set in R, X R, and E, denotes the class of infinitely differentiable function defined
on I, The Space SM

Fabed.a 1s defined as,

SMf,a,b,c,d,a = ¢ : ¢ € E+ /7a,b,c,d,q,l ¢(t9 x) = Os<lzl£oo ‘Ka,b (t)ﬂ“c,d (x)xq+1Dt1Dg¢(t=x)‘ < ClqAaaaa

O<x<a
for each l,q =0,1,2,...
e, K (0 e’ . 0<t<w C 2 X 0<x<l
where, 1) = an xX)=
ab e, —o<t<0 e.d xt 1<x<a
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are the Kernels for testing function space of Sumudu — Finite Mellin Transform respectively.

Also where, the constants 4 and C ,, depend on the testing function ¢ .

3.2. The Space SMﬁ’a,b,c,d :

The Space SM f,a,b,c,d is defined as,

. _ +1 ! 171
SM ] pea =109 E 10 #(t.3)= sup K, , (0 (0)x""'DIDLY(t,2)| < C, B
O<x<a
where, the constants B and C., depend on the testing function ¢.
3.3. The Space SMﬁ,a,b,c,d,a H

The Space SM}'fB’a,b,c’d’a is defined as,
. / a aa pljl
MY st =9 D€ B! Py HEX) = 0 [K, (0 (00" D[DYg(2, )| < CA"a* B

O<x<a

where, the constants 4, B and C depend on the testing function ¢

3.4. The Space SM f

The Space SM Fabed.y

sa,b,c,d,y *

is defined as,

SMf,a,b,c,d,;/ = ¢ : ¢ € E+ / ga,b,c,d,q,l¢(t9 x) = Oil;lgw‘Ka,b (t)ﬂ’c,d (X)Xq+1Dtng¢(f’x)‘ < Ca]Aqaq)/
O<x<a

3.5. The Space SMf .

s ,b,C ,d sa,

The Space SM Fabed.cm is defined as,

SMf,a,b,c,d,a,m = ¢ : ¢ € E+ /ya b,c,d,q,l ¢(t9 x) = OSl;lp Ka,b(t)ﬂ‘c,d (x)xq+1DtlD)(c]¢(t7 X)‘ < C[q5 (m + 5)“ aaa

,,,,,
<t<oo
O<x<a

for any 0 > 0, where'm'is the constant depending on the testing function ¢
3.6. The Space SM 7",

The Space SM fﬂ b is defined as,

SM_/{”;:;,b,c,d = ¢ . ¢ € E+ / O-a,b,c,d,q,l¢(t9x) = Oilzlgoo‘Ka’b (t)/lc,d (X)Xq+1Dtng¢(l‘,x)‘ < Caqs (i’l + 8)1 llﬂ

O<x<a
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for any € > 0, where'7"is the constant depending on the testing function ¢

3.7. The Space SM#”"

.
frab.e.da,m *

The Space SM”"

Fabed.am 1s defined as,

SM_f,iz,b,c,d,a,m = ¢ : ¢ € E+ /pa b,c.d,q [¢(t,)€) - oiltlg

:::::

K, (04 ;)X DIDI(t, )| < C,, (m+6)' (n+ &) a1

O<x<a

forany 6 >0, & > 0and for given 72 > 0 and 7 > O.

3.8. The Space SM foabedy,p

The Space SM fabed is defined as,

5V P

gL )

SMf,a,b,c,d,}/,p = ¢ : ¢ < E+ / é:a,b,c d,q.l ¢(t’ .X) = Oilt’lgw‘Ka,b (t)ﬂ’c,d (x)xq+lDtlD)(cI¢(ts x)‘ < Caly (p + }/)‘1 qq}/

O<x<a

for any Y > 0, where' p' is the constant depending on the testing function ¢
3.9. The Space SVMf’a,b,c,d’a :

is defined as,

The Space S"M I

’a’b7c7d’a
v . H _ 1y a _aa
S'M;peaa={0€E iy, 0, 00x)= _O§1<1¥)<0‘Ka,b(—t)/1gd (x)x*"' D/ D (t,x)| < C, A'a
O<x<a
The smooth function @(Z,x) defined on I, is in S"M fabeda @’ (t,x) = d(—t,x)is in
Sﬂlfﬂb¢ﬂ¢L

3.10. The Space SVMf

.
ab.e,d *

The Space SVMf,a,byc,d is defined as,

SVMf,a,h,c,d = ¢ : ¢ € E— / ja,b,c,d,q,l ¢(t’ x) = _SBP<O‘Ka,b (_t)ﬂ’c,d (x)xq+1DtlD)tc]¢(t? x)‘ < Canlllﬁ
O<x<a

Here, ¢" (t,x) = ¢(—t,x)is in SM”

f.ab,cd.

3.11. The Space SVM?’a,b’c,d’a :

The Space SVMﬁ&b’C,d’a is defined as,

SVM_/g,a,b,c,d,a = ¢ : ¢ € E7 /luabcd q,! ¢(t,X) = Sup

””” —0<t<0
O<x<a

Kaab (_t)/’ic,d (X)quDtlD;]¢(l" x)‘ < CAaaaaBlllﬂ
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where, the constants 4, B and C depend on the testing function ¢

3.12. The Space SVMﬁ’a,b’c,d’y :

The Space SVMfabcda is defined as,
,a,b,c.d,a.y

SM7 ipeaay =P P<E 10,

S04,

c,d,q,l ¢(t,X) = Oiltlgoo Ka,b(t)ﬂ'c,d (_x)(_x)q+1 Dtng¢(tﬂx) < CalAqu

—a<x<0

4. DISTRIBUTIONAL GENERALIZED SUMUDU — FINITE MELLIN TRANSFORM
(sm,T):

For f(t,x)e SM ;ﬂ where SM/ It contains all

ab,c.d,a, fiab.e.d,a

is the dual space of SM f

,ab,c.d,a.
distributions of compact support. The distributional Sumudu — Finite Mellin Transform is a function of
f(¢,x)is defined as,

AP P P

—(4.1)
Where, for each fixed #(0 < ¢ <00),x(0<x <a),u>0 and p > 0, the right-hand side of (4.1) has

fiab.e.d,a

. 1 - 4% .
a sense as an application of f(t,x) € SM” to ;e ! F —x"" | e SMf,a,b,c,d,a.

S. ANALYTICITY THEOREM
Let f(t,x)eSM” and its Sumudu—Finite Mellin transform F'(u, p) is defined by

fiab.c.d.a

SM {f(t,x)} =F(u,p) =<f(t,x),ie"{j:p: _xpl}>

then F(u,p) is analytic for some fixed ¥ >0, p >0 on Q, where QO = {(u,p) o, <u< 0'2}

and
i)D,F(u, p) = <f(t,x),(—ize_“ + %e_j(% —x"! J>
u u x
—(5.1)
1 -t a*
i))D,F(u,p)=( f(t,x),—e | —5(2Ina~Inx)-x"" (Inx)
u x
~(52)

Proof: Let U be an arbitrary but fixed point in {2 - Choose the positive real numbers a, b and 7 such
thato, <a<u—-r<u+r<b<o,.

Also let Au be a complex increment such that O < |Au| <r.

Consider, for Au # O,we have
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_ u 2p
F(u+Au,p) F(uap)_ f(l‘,X),ie a 1 _xpfl
Au ou u \ x°
1 e u+Au azp eiu 2p a 67; a217
=— t,x), —x" )= t,x),— —x"! - t,Xx),— —x?!
A / )u+Au[x"+1 (&%) u (x”” j <f( )8u u (x””
__ _t _t
1 e uthu e a2p O et a2p
= tax D - xp*l t,x s T —_xp71
Au S %) u+Au u (x”“ j A )6u u (x*”“ j
_t _t _t
1 e u+Au e u a2P a e u azp
= tax [ - xp71 t,Xf,——— —-xp71
A )A u+Au u [x”“ ] A )8u u (xp“ j
1 e_u+Au e_; a?? 0 e_Z a’?
= t,x), — Y ot P
f %) Au | u+ Au u (xp“ j ou u (xp” j
_t
Fu+Au,p)—F(u,p) 0ev(a” _
Au - f(t’X)’a u xpﬂ —x* 1 :<f(t’x)’l//Au (t,.X)>
_ ! _t !
1 e u+Au e u Clzp . 8 e u azp .
h , t,x = — — xp_ R R Za
where, ¥/, (1,%) Aulu+Au u (x”” } ou u (x””

—(5.3)

To prove that, l//Au(tax)ESMﬁ,a,b,c,d,aa we shall show that |Au|—>0,(//Au(t,x) converges in

)
SM to zero.
frab.e.d,a

To proceed, let C denotes the circle with centre at 24 and radius 7.

where 0 <7 <7 <min(u —a,b—u).

We may interchange differentiation on 24 with differentiation on z.

By using Cauchy integral formula, we get

_ t
e u+Au

2p

1

t t

u

e 0

e

(_Dt)ll//Au(tax) = [ -

+1
xp

—xp‘1j<—1>f

Now applying Cauchy’s Integral formula, we get

Au (u +Au)

I+1 I+l

I+1
u

oulu
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t

1 (a2 1 S, 1 pz e =
-DY t,x)=— —xP! dz — dz
(=D) ¥, (1:%) Au(xp” j 2rid. z—u—Au 2riy. z—u

t 2p
A ( pHl j - 1 J e rdz _( ap+1 _xp_lJ 1 ..[Z - ;dz
ul x 27iy, Z u—Au z-u x 2miy. (z—u)

(e e ] (5 e

Aul x 27l .

1 ( a* o 1 Au “, L a*? L)1 oz e -
—_ _ zd _ _ P d
Au(x”’+1 j{ZmJ.[(z u Au)(z u)j - e 27n~£(z_u)2 -
_!
2p S+, 2p 1+
:[aﬂ_xp_lj IJ. dZ _£a+1_xp_lj 1_[2 2 dz
x? 2riy, (z—u—Au)(z—u) x? 2riy, (Z—u)
a’? o1 | 1 (),
= — * Zd
[xpﬂ o jZmJ- (z u— Au)(z u) (z u) =
:[cﬂp _xplj I(Z_u) (z—u—Au) ot
x 27 (z—u—Au)(z—u)
2 z
:[QT:—)CPIJ 1 I Au 227(”1) zdz
x 27i g (z—u—Au)(z—u)
Au (D, ‘i
D) w, (t, ~dz
( t) l//Au( X) [ p+1 Jzﬂl'[(z > — AL{)(Z u)
Now,
ow .

Auj- z e’

(D) (-D,) t//Au(t,x)=[a2pP(—p—q)x""q‘1—P(p—q)xp_q_l]zm N (z—u—tu)(z- u)

Where, P(—p —q) is a polynomial in (—p —q)etc.

1604
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Now, forall ze C and 0 <?< 0,

S
up‘Kab(f) ca X[ @ P(—p—@)x " = P(p—q)x" " 1]‘<K

Where K is a constant independent of Z and z.
Moreover,

>r—r>0and|z—u|=p
_r
Let C, = max {|Z|_(l+1) e‘,ze C}

Consequently,

‘Kab(t) d(x)x"“D Diy, (1, x)‘

Sup ul Au | @PP(p—)x T = P(p—g)x" | L
=5l o ot 2 L v — | anta

< G- r)(rlf' i

|Au|j > 27 where, C, = KC,

()

c
(n=r)n

The right-hand side is independent of t and converges to zero as |Au| —0.

<[Aul

This shows that ¥, (¢, X) converges to zero as |Au| — 0.

Let p be an arbitrary but fixed point. Choose the real positive numbers a,,b, and h such that
o,<a,<Rep-h<Rep+h<b, <o,

Also let Ap be a complex increment such that O < |Ap| <h.

Consider, for Ap # 0, we write

! t

Fu,p+Ap)-F(u,p) ie_‘[az‘” _xp_l} _ 1 1) e_“{az(”w’) B @M@l}

Ap f(t,X),a o T |

t t

" 2(p+ap) 2p w2
s e a e | @ oe'|a o
f(f,X), u {x(p+Ap)+l X :l |:xp+l X i| f(l X) |:xp+1 X i|
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Tu 2(p+4p) 2p Tu | 2
K B ) | B RNV
Ap u || xlPror) xP* op u | x""

= (/0. ),p7,(t,))
o ([ g2 2 ol g
where, v/, (¢, x) - L¢ e F A I B P _Oer LN
Ap u || xrrow)r xP op u | x"*
—(5.4)

To prove that ¥/, (£,X) € SMf,a,b,c,d,a'We shall show that as |Ap| -0, Y (£,X) converges to zero

. B

n SMf,a,b,c,d,a'

To proceed, let C denotes the circle with centre at p and radius /.
where, 0 < h <h <min(p—a,,b, — p).

We may interchange differentiation on [ with differentiation on X and by using Cauchy integral

formula,
t

1 e . —(pAp)—a— +AD)—a—
(D) vy 0= ([P (~(p+ap)-g)x "1 P((p+ ap) - g)x )

l e 2 —pard .47 Oet
= p(—p— Pt _p(p—g)P i = 8
s [a*"P(-p-q)x (p-q)x" "] -

where, P(—p —q)is a polynomial in (—p —q) etc.

Now, applying Cauchy’s integral formula, we get
t
1 ev 1 J. [azzP(—z - q)xfzqu1 —P(z- q)x“r1 J

DY t,x)=—
( X) Vi () Ap u 2miy z—p—Ap

dz

s e 1 j{ a”P(—z—q)x " —P(z—q)x* " } &

_Ap u 2miy, zZ—p

t

T 2z o —z—q-1 _ _ z—g—1
e 1 J-|:a P(—z—q)x P(z—qg)x :|dz

u 2ri (z—p)2

C
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“\lz-p—A z-p

(D) wytm =& l.j{[ L] }[a”l’(—z—q)x““—P(z—q)x”l]}dz

e 1 a”P(—z—q)x 7 —P(z—q)x""" de
c (Z - p)2

(D) vy )= l-f{f P s }[azzp R P(”)xﬂ}dz

75 2z o —z—q-1 _ . z—q-1
et 1 _[ a” " P(—z—q)x 2P(z q)x i
u 2mi. ( z_ p)

(D ) Yo (1.3) = 1 e 1 J-{|:( Ap)(z_p)}[azzP(_Z_q)xqu —P(Z—q)xqu}}dz

Ap u 2rmi z—p—Ap

‘

u 22 p —z—q-1 _ N z—q—1

e 1 J- a " P(—z—q)x 2P(z q)x s
u 27i C (Z—p)

u 27il|| (z—p—Ap)(z—p

(D,) vy, (t:3) = e f{ 1 )}[G”P (—z-q)x " = P(z —q)xqu}}dz

I f{ 4 P(=z — q)x 0 — P(z — q)x* 0! } .
(z-p)

eii 1 1 1 2z —z—g-1 z—g-1
T u 2ﬂi£{{(szp)(Zp)_(z—p) ][a A J}dz

(Dx)ql//Ap(t,X)Z e 1 ‘J-{(Z—p—z+p+Ap2}[azzP(_Z_q)xzq1_p(z_q)xzq1}}dz

z=p-Ap)(z-p)

ey, {a2ZP<—z—q)xZ“—P(z—q)x”l}dz
2
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a”P(—z—q)x " —P(z—q)x"""
(z=p=p)(z-p)

/ l+1 - Ap
(=D,) (D,) vy, (t,x)=(-Du o i dz

Now, for all Z € C and O<x<a.
t

K,, (A, (X)x" M e u| <K

sup
I
where, K is a constant independent of Z and X.

(z—p—Ap)|>h1—h>0 and |z—p|=

Moreover,

C = max{azZP(—Z - q)x_z_q_1 —P(z—q)x" "',z e C}

Consequently,

Su
Ip ‘Ka,b (t)ﬂ’c,d (x)xq+1 (Dt )l (Dx )q WAp (tax)‘

Sup ne" a*P(—z—q)x " = Pz—gq)x"""
= A, 1 d.
p [FesO2ea 2mJ (z=p-4p)(z=p) )
ol &Gy
27 e (h=h)(h,)
< |Ap|j 2 > 27h , where C, = KC,
27 ¢ (h=h)(h,)
< |Ap|C2
(h—h)h,

The right —hand side is independent of and converges to zero as | Ap| — 0.This shows that y/ ap (%)

converges to zero as |Ap| — 0, which ends the proof.

6. CONCLUSION

In this study, the analytical properties of the Sumudu transform and the finite Mellin transform have
been investigated. The results demonstrate that these transforms possess well-defined operational and
analytical structures and can be effectively applied in suitable function spaces. The Sumudu transform
provides a useful alternative to the Laplace transform due to its unit-preserving property, while the finite
Mellin transform is particularly useful for functions defined on finite intervals. The established results
indicate that these transforms are valuable tools for solving differential equations and analyzing
problems in applied mathematics, mathematical physics, and engineering.
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